H, =N}

357 4 T

[ 83 3 N, {63,706
4,7257

15,157 128
I
3,360 6372

1t should be noted that the expansions for the square of the radius
given in equations (A-2a) and (A-24b) are identical since the expansion
variable is precisely the same quantity (X = 2\/ T ). Thus, the firstfour
coefficients H, to H; calculated from equations (A-3a) and the results for
G, to G; from equations (A-6), (A-11), (A-14), and (A-17) exactly match
the results in equations (A-25a) and (A-26). However, in view of the
different transformations used in arriving at the transformed concentra-
tion fields F(X, Z) and L(X, W), the coefficient functions Fj(Z) and L{W)
are not equivalent functions of their arguments.

NOTATION

a = bubble radius

a, = initial value of bubble radius

c = concentration of solute in the liquid
Co = initial concentration of solute

¢ = concentration of solute at the interface

C(T, r) = scaled concentration field of the solute in the liquid;
C = (c — c)lle: — c,)

Cy(T, Y) =transformed concentration fields; defined in Eq. 6,
for example

D = diffusion coefficient of the dissolved gas in the liquid

F(X, Z) = transformed concentration field; F(X, Z) = C (T, Y)

F{Z) = expansion coefficients defined in Equation (13a)
= scaled bubble radius; g = a/q,

G(X) = scaled bubble radius; G(X) = g(T)

G; = expansion coefficients defined in Eq. 13b

h(T) = square of the scaled bubble radius; A(T) = gXT)

H(X) = square of the scaled bubble radius; H(X) = h(T)

H; = expansion coefficients defined in Eq. A-2a

i"erfc = repeated integral of the error function defined in

Abramowitz and Stegun (1968)
I; = expansion coefficients defined in Eq. A-2b
I = expansion coefficients defined in Eq. A-2c

L(X, W) = transformed concentration field defined in Eq. A-23¢

N, = driving force parameter; N, = (¢; — c)/p

= radial distance (from bubble center) scaled by the
initial value of the bubble radius

= time

scaled time; T = Dt/a?

new independent variable defined in Eq. A-23b

new independent variable defined in E¢. 10a

= new independent variable defined in Eq. A-18a

new independent variable defined in Eq. 5

new independent variable defined in Eq. 10b

i

N~ g
1

I

Greek Letters

B = “growth” constant appearing in Eq. 17

Kronecker delta function

Scriven’s similarity coordinate; related to Zby Eq. 17
scaled distance coordinate defined in Eq. 18

gas density in the bubble

= “stretching parameter” (Eq. 18)

=
I

I

ST o3
I
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Long-Range Predictive Control

Two process computer control algorithms which are based on long-range

prediction are outlined. The methods are compared, similarities pointed out, and
each is shown to become similar to dead-beat control under certain circumstances.
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SCOPE

Two new process computer control techniques have been
presented in the literature that have proven useful in industrial
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applications. Their success and the fact that both methods
differ from the conventional state space or transfer function
approaches have caused much interest in the petrochemical
control community. Each of the new techniques is based on a
non-minimal representation of the process, that is, the usual
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parametric models are not employed. The process models are
composed of parameters which can be obtained directly from
input-output response curves.

Although each control technique has been discussed in the
literature, a precise description of the control algorithms has

not been presented. Also, since each method has evolved inde-
pendently, one in Europe and the other in the United States,
the accounts published to date have been quite dissimilar in
philosophy, technical content and nomenclature. The
similarities between the two approaches have thus been
obscured.

CONCLUSIONS AND SIGNIFICANCE

This paper outlines the basic algorithms for each of two new
process computer control algorithms. It presents for the first
time a cohesive, step by step account of the calculation se-
quence for each technique. The presentation utilizes a consis-
tent nomenclature which allows the functional similarities be-
tween the two algorithms to become more evident. As a point of

reference, the more widely known dead-beat control algorithm
is described. It is shown that under certain limiting conditions,
each of the new methods becomes algorithmically similar to
dead-beat control.

In summary, a cohesive account of two new and interesting
process computer control techniques has been presented.

INTRODUCTION

Techniques for computer control of industrial processes have
until recently resulted in on-line algorithms which take into
account a very small controlled variable time history. Invari-
ably, the prediction horizon over which the controlled variable
is considered is short with respect to the process settling time.

Two relatively new methods have been presented in the
literature (Richalet et al., 1977, 1978; Cutler and Ramaker,
1979; Prett and Gillette, 1979) which have demonstrated suc-
cess in industrial multivariable control applications. Each differs
from the more traditional approaches in that it is based on along
range prediction of the controlled variable and incorporates an
internal model. Though similar in philosophy, the two methods
differ considerably in formulation and algorithm detail. This
paper discusses the control objective and basic algorithm for
each of these new approaches. Similarities between the two
approaches and between each and the more recognizable
dead-beat control (Cadzow and Martens, 1970) algorithm will be
discussed.

The IDentification and COMmand (IDCOM) Richalet et al.,
1977, 1978) method is based on the process impulse response
and utilizes a predictive heuristic scenario technique to calcu-
late the manipulated variable. The Dynamic Matrix Control
(DMC) (Cutler and Ramaker, 1979; Prett and Gillette, 1979)
method is based on the process step response and calculates
manipulated variable moves via an inverse model. Both meth-
ods can be shown to be similar in function and each can be
defined to reflect a dead-beat type control.

Although the methods discussed here are in general appli-
cable to multivariable, constrained control problems, the follow-
ing discussion will focus on the single-input, single-output un-
constrained case. This will allow emphasis on fundamental al-
gorithm similarities and simplify discussion.

RESPONSE FORMULATION
To facilitate illustration, and at no loss in generality, consider
the single-input, single-output dynamic system described by:
vk + 1) = axtk) + bu(k), x(0) =0 O
y(k) = cx(k)

where x(k) denotes the state variable at time k, u(k) the manipu-
lated variable (input), y(k) the controlled variable (output) and a,
b. ¢ are real constants. Define the unit impulse sequence

lfork=0

8,(k) = {0 fork # 0

@

and the unit step sequence
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Ofork <0

lfork=0. @)

s,k = {

The unit impulse response sequence obtained by substituting
Eq. 2 into Eq. 1 is given by:
hk = C(lk‘lh,

where lim h; = 0 iffla] < 1 (stability). The unit step response
ko

k=12 ...

sequence obtained by substituting Eq. 3 into Eq. 1 is:
s =cl@® '+ a2+ .. )b, k=1, 2,...

where %(im si = cb/(1 — a) iffla] < 1. Note that

and
hk = VS,\.
where V denotes the backward shift operator,

(Vsi = si = si1)

LONG-RANGE PREDICTIVE CONTROL ALGORITHMS
IDCOM Algorithm

For the single-input, single-output system given by Eq. 1,
consider the impulse response model:

N
ytk + N) = ¥ hy jutk +i - 1) 4)

i=1

where NAT> setfling time and AT is the discrete control inter-
val. Note that Eq. 4 relates the value of the controlled variable N
steps into the future in terms of values of the manipulated

variable between now and then.
IDCOM utilizes an impulse response internal model to calcu-

late predicted output variable values, y;(k), given known in-
puts, e.g.

yiuli, + 1) = hTajg™™"!

where
A
h? = [hy by - - Bl
u(i, — N+ 1)
u(i, - N +2)
wir ¥ S|
uli,)
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and i, denotes the current time step so that y(i,) is the current
measured value of the controlled variable.

The predicted yu(k) values are compared with a desired
reference trajectory defined as:

yur(i + = ByMR(i) + (1 = Blyse,

yMR(in) = y(lo)

5)

where

A ,
ysp = the controlled variable setpoint

and

B 2 a tuning factor.

Here the reference trajectory is first order with time constant
Trer = —AT/InB.

The IDCOM algorithm calculates by iteration a set of future
manipulated variable values such that the simultaneously pre-
dicted controlled variable trajectory fits the reference trajectory
HP = N steps ahead in time. The time history of the calculation
isillustrated in Figure 1. The IDCOM calculation at each step in
time is as follows (after Richalet, et al., 1978):

1. Initialize the future (and the present) manipulated variable
values, u(i),i = i,,. . ., i, + HP — 1. After IDCOM has been
running, the u(i), i = i,, . . . , i, + HP — 2 can be initialized to
the results from the last step and u(i, + HP — 1) could be
extrapolated, e.g., u(i, + HP — 1) = 2u(i, + HP — 2} — u(i, +
HP — 3). For the first initialization, u(i) = u(i, — 1), i = i,

., i, + HP — 1 would suffice.

2. Cadlculate the reference trajectory using Eq. 5.

3. Calculate the predicted controlled variable using the
internal model:

ym(i + 1) = yu(i) + hTu@ + 1) — u(i)),
i=4dy,...,1,+ HP —1

ylM(io) = y(ln)

where
u(i) £ uizh
4. Calculate the manipulated variable vector:
i + 1) = () = [ | st + 1) = guti + Db,
h'h
i=4d,...,i, + HP — 1

where A is a relaxation factor.
5. Repeat steps 3 and 4 until the predicted manipulated
variable values u(i), i = 4,,. . . , i, + HP — 1 have converged.
6. Implement the move Vu(i,).

DMC Algorithm

For the system given by Eq. 1, consider the step response
model:

ylk +j) = s;Vu(k),

Future values of the controlled variable can be expressed in
terms of the present manipulated variable move.

The DMC algorithm calculates the present manipulated vari-
able move to minimize the square-summed distance between
the predicted controlled variable (y,) trajectory and the set-
point. That is, Vu(i,) is determined such that:

j=1,...,N 6)

N
2 (ySP - yll(io + 7))2

is minimized, or

Vu*(i,) = g"Elsthy, ]
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where

Sy
S2

e

Sw
o+l — — o iotl
Eloth+: = yepcoll] Yoidint1s

the superscript “*” denotes solution and the superscript “L”
denotes left inverse, i.e.,

g = (g7g)"'g"
and, since g is Nx1 here,

L _8

g

st

M=

i=1

DMC utilizes an internal model to update E directly, dealing
in terms of predicted errors. The DMC calculation at each step
in time is described below (after Cutler and Ramaker):

1. Calculate the predicted error response to the last manipu-
lated variable move made.

Euio.n = gVuli, — 1),

2. Update the predicted error by subtracting the contribu-
tion due to the last move in the manipulated variable.

Elo.y = (E. = Ep)io., v
3. Calculate the present actual error.
E, = yep — yli,),
4. Translate the error vector so that E(i,) = E,
o,y = Eloyn + (E, — E(i,))col[1],
5. Shift/extrapolate the error vector as follows:

E«-%g:{'-n = y(E:g-H\)

where
X Xo
X2 X3
ARE =
wa Xy
2xy = Xy-y

6. Calculate the new manipulated variable move
E jotl
wi\ = _g__:lL [ CigFN+1 ]
V(i) { W 0 ®)

and implement it. Note that an additional equation has been
appended to the control equation, cf. Eqs. 7 and 8. The equa-
tion is:

0 = WVul(i,),
where W is the move size weighting parameter. Increasing W

causes Vu(i,) todecrease, and Vu(i,) is determined to minimize:

S (se = waliy + ) + (WVuli,))2

Dead-Beat Control Algorithm

To construct the dead-beat centrol algorithm, it is useful to
consider first a simpler form of control algorithm called
minimum norm control (Cadzow, 1965; Cadzow and Martens,
1980). By repeated application of Eq. 1, the following expression
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Wi —nel) MANIPULATED VARIABLE
u(i ~ .
MEASURED
MANIPULATED REFERENCE TRAJECTORY
VARIABLE
VALUES Yy (1 HHP)
&‘
MEASURED v, (1 H1)
CONTROLLED MR O (i +p)
VARIABLE v~ Ty Uy
VALUES D (; e
/ - IM o
INTERNAL MODEL CALCULATED
PREDICTED CONTROLLED VARIABLE
lAT\
HP .%
i
PAST ° FUTURE

Figure 1. IDCOM time history.

can be obtained:

v

y(N) — ca’x(0) = 3 hyiriuli — 1) ©)
i=1

where x(0) represents the value of the state at time 0. Equation 9

can be written as:

yli, + N) = a™y(i,) + hTaio s-;. 10)

The value of the controlled variable N steps into the future is
expressed in terms of its present value and the manipulated
variable values between now and then.

For minimum norm control the objective is to drive the
output to zero in N steps, hence the desired y(i, + N) equals
zero. Note that for this simple example (Eq. 10) can be solved
exactly for any N. (See Cadzow (1965) for a discussion of
minimum norm control when N isless than the dimension of the
state.) The resulting minimum norm control also minimizes

(u(in +j- 1))2

If

J=1
and is given by:
uitino: = — [WRa™y(i,)
where the superscript “R” denotes right inverse, i.e.:

[(h™]® = h(h™h)™

Although minimum norm control will drive the output to zero
in N steps, at the sampling instants, there is no guarantee that it
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remains zero between the sampling instants. For dead-beat
control the objective is to drive the output to zero in N steps and
cause it to remain there, even between sampling instants. The
dead-beat controller is thus designed such that the derivative of
the output is zero after N steps.

Consider the continuous state equations

t=ax + bu

y =cCx
For #(NAT) = 0, it follows that

0 = ax(NAT) + bu(NAT)

or
0 = a[a™Bu(0) + a™%bu(l) + . . . + bu(N — 1)] + bu(N).
an
Combining Eqgs. 10 and 11 yields:
[y(i,, + N) — aNy(i,,)] _ [ hy  hyy ... h (_)]
0 aa ' aa®?h...ab b
[ujna] (12)

For this particular problem Eq. 12 can be solved exactly for
any N. The resulting dead-beat control also minimizes

(u(i, + )

1

N
=
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and is given by:

, N
ulo,y = Dk[y(zo +N)-a y(t,,)]
0
where
D é [ hy hy-y Chy Q]
aa“ b aa"%h ... ab bf

ALGORITHM SIMILARITIES

The IDCOM and DMC algorithms are similar in many re-
spects, moreover, each can be shown to behave like dead-beat
control under certain circumstances.

Similarities Between IDCOM and DMC
The IDCOM and DMC algorithms are similar in that each:

o Utilizes a non-minimal model representation

¢ Considers predicted values of the controlled variable

¢ Incorporates an internal model

® Uses actual measurements to update the prediction (feed-

back)

® Has a tuning parameter which dampens control action

For IDCOM and for DMC, increasing the tuning parameter
decreases speed of response. The primary tuning parameter for
IDCOM is the reference trajectory time constant, 7,.;. A large
Trer Tesults in sluggish, robust control with small moves in the
manipulated variable. Decreasing 7,..chas the combined effect of
speeding up closed loop response, decreasing robustness and
producing larger manipulated variable moves.

DMC uses no reference trajectory to smooth the control
action. With W = 0, the control is similar to IDCOM with 7,.; =
0. The effects of increasing W are discussed in the next subsec-
tion.

Extended DMC Algorithm

The previous DMC discussion was limited to the DMC calcu-
lation of the next move in the manipulated variable. It is possible
to extend the manipulated variable calculation horizon to
account for several future moves. Note, however, that always
only the first move is implemented at each conirol step. As one
might expect, the greater the number of moves considered in
the manipulated variable the more the controlled response be-
comes like dead-beat control.

Consider again the DMC control objective, except now ad-
ditional manipulated variable moves are to be calculated. The

control objective becomes: find Vu(k), Vu(k + 1), . . ., Vu(k +
n, — 1) such thatfuture errors are minimized. With n, <N, the
solution utilizes the left inverse as follows. (If n, = N, the

solution would utilize the normal inverse; n, is normally much
smaller than N.)

L igt+1
Vuio _ G Ei0iNv+
Wigtny—1t = 7 Vo7 | 77T

where now W = diag [W] and

81

0
A S2 Sy
G = . C s
SN SN—1 - o SN-my+1
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The approach to dead-beat type control with increasing n, can
be demonstrated by examination of the control equation in
terms of y, with W = 0

ot — i
yigthea = GVulfing—1--

and the equivalent control equation in terms of the manipulated
variable, u, rather than moves, Vu,

iotl = (gl
Yicta+r = Guilem-t- (13)

In the limiting case, when n, = N, taking note that we are not
interested in calculating u(i, — 1), actually a past move, Eq. 13

becomes
(y(i, + 1) h, 0 u(i,)
y(iu + 2) h2 hl u(in + 1)
. .. h, .
y(i,, + N + 1) hN hu\'~l . hr; So u(i,, + N — 1)
Note that the (N — 1)th row is:
ylio + N) =[hsey hyp o0 B [0i0hni]

and compare with Eq. 12. Obviously, the manipulated variable
moves calculated based on Eq. 13 are very similar to those
calculated based on Eq. 12. Experience has shown that large n,
with W small gives rise to a dead-beat type response with quick
settling of the controlled variable as a result of violent ringing of
the manipulated variable. Smaller, more reasonable manipu-
lated variable moves result from larger W (or smaller n,). The
advantage of larger n, (quicker response) is diminished for rea-
sonable values of W and n, can probably be reduced to three
control intervals or less with no substantial loss in performance.

Alternate IDCOM Algorithm

The heuristic iterative convergence approach outlined in the
IDCOM discussion does not lend itself to direct comparison
with dead-beat control. An alternate formulation can be defined
which utilizes an inverse model and should in general reflect
IDCOM behavior.

Consider again the impulse response model given by Eq. 4.
The set of simultaneous equations defining future values of the
controlled variable in terms of past and future manipulated
variable values is as follows.

y[M(i,, + 1) hi\' h"\'*l O hl 0
: ke Rk
yIM(in + nsl) R N ) .
h:\'- .o h(nl,)h(ny*l)- . h’l

(u(i, — N + 1))

uli, = 1) (14)
u(i,)

Lu(in + ny — l),

where n, denotes the number of predicted controlled variable
values (n, < N) and n, denotes the number of predicted
manipulated variable values. Note that for IDCOM, n, = n, =
HP. Equation 14 can be written as:

hy hy—1. .. he

ym(io + 1)
) hA\’ v h:;

(u(i., -N+1

ylM(iu + ny) .~ : Lu(iu - 1)
h_\-. Lo htn_u+1)
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hl u(io)
=l - 0 : . (15)
h he ) lui, + ny = 1)

where the left hand side is known since (i) it involves past values
of the manipulated variable and (ii) the future values of the
controlled variable should match the reference trajectory over
Ny, yuar(i) = yaw(d). i =i, + 1,. . ., i, + n,. The solution of Eq.

ny -+ ¢

15 then is:
u¥ies, - = H'Elgh,
where
h
nd | 0
h h,

ny oo

and the predicted controlled variable error

Yl + 1) By hyey. . hy
Eiftl, = ; o
Yurlts + ny) 0 ] :
hy oo hogen
uli, — N + 1)
u(i, — 1)

It follows that since n, = n,, H is square and the predicted
values of the manipulated variable are such that the reference
trajectory is followed exactly.

The approach to dead-beat type control with increasing n,
(and n,) is most apparent when n, = n, = N. Then, the control
equation becomes:

E(i, + 1) h, u(i,) ]

: =1 0

E(i, + N) hy.. . hyj luti, + N—-1)
Note that the N-th now is:

Ei, + N) = [hx. . . hy] [uityy_,]
and compare with Eq. 12. Again, the similarity to dead-beat
type control is obvious.

At this point the similarity between the alternate IDCOM
formulation presented here and the extended DMC formulation
can be carried to completion. The manipulated variable moves
resulting from the above are likely to be satisfactory only when
the reference trajectory time constant is large (say, greater than
the dominant process time constant). For quick responding
closed loop control, however, the above may lead to prohibi-
tively large manipulated variable moves. This situation can be
corrected by reducing ny, (n, < ny). (It should be noted that
reducing n, also improves the conditioning of the potentially ill
conditioned control equation.) The calculation then becomes:

U*iigﬂzuAl = HLE%'XHZ,
where now
h, . 0
hny . il(nyfnu-ﬂ)

and the solution to Eq. 15 is such that

[Eistt, Hu*!% ., | is minimized.
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NOTATION

a, b, ¢ = discrete model parameters

a, b, ¢ = continuous model parameters

D = dead-beat control matrix

E! = DMC predicted error column vector from i to j

E, = DMC present actual error

E. = DMC error vector to inverse model

E, = DMC model predicted update to error vector

G = DMC step response matrix

G’ = augmented DMC step response matrix

g = step response matrix

gt = left inverse of g = (g"g)~'g”

H = alternate IDCOM impulse response matrix

HP = IDCOM controlled variable prediction horizon
length

h = impulse response matrix

[hT]® = right inverse of h” = h(h™h)™*

hx = impulse response sequence element k

i, = current time step

N = number of control intervals in impulse response data

n, = number of DMC manipulated variable moves calcu-
lated

ny = number of alternate IDCOM controlled variable
prediction steps

Sk = step response sequence element k

4 = shift/extrapolate operator

3,(k) = unit step response at time k

u¥i = manipulated variable solution column vector from i
toj

ul = manipulated variable input column vector from i to

u(k) = manipulated variable input at time k

w = DMC move size weighting matrix = diag[W]

w = DMC move size weighting parameter

x(k) = state variable at time k

{ controlled variable column vector from i to j
controlled variable output at time k

yim(k) = IDCOM internal model output at time k
yur(k) = IDCOM model reference output at time &

< <
=
x>
R
(I

yolk) = DMC predicted controlled variable at time k
yse(k) = controlled variable setpoint
= IDCOM model reference trajectory parameter
v = backward shift operator (Vx(k) = x(k) — x(k — 1))
AT = discrete control interval
8,(k) = unit impulse response at time k
A = IDCOM control algorithm relaxation factor
Tref = IDCOM reference trajectory time constant =
—AT/InB
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